The main result is that A[x], the polynomial ring in one variable over the domain A of global dimension two, is coherent. As an application, the quotient rings of A[x] which have finite global dimension are examined.
Introduction.
A ring is said to be coherent if all of its finitely generated ideals are finitely presented. Although supposedly a generalization of the noetherian condition the coherence property is, most often, a consequence of a variety of deeper properties of the ring. In § §1 and 2 we will exemplify this by using the structure theory of a domain A of global dimension two to prove that A[x] is coherent. In §3 this result is applied to examine the rings of finite global dimension of the form R[x]/I, I a finitely generated ideal. 1 . Coherence of A[x]: Local case. Let A denote in this section a commutative local ring with maximal ideal M and global dimension two (in particular every ideal of A has projective dimension at most one).
We shall need the following description of A [8] , which together with [5] will be our source for terminology.
(1) A is a coherent domain with G.C.D.
(2) If M is principal or not finitely generated, A is a valuation domain. (3) Otherwise M is generated by two elements, its other finitely generated prime ideals are principal and the remaining primes are linearly ordered and divisible by each prime element.
To resume: A is either (i) a valuation domain, or (ii) a noetherian ring, or (iii) a hybrid of the preceding cases obtained in the following way. There is a valuation domain V with maximal ideal P and a noetherian regular local ring N<=-V/P of dimension two with total ring of quotients V/P and A=f~1(N) where/is the canonical mapping V-*V\P. In this last case A will be called an umbrella ring.
[December Theorem 1.1. Let A be a local ring of global dimension two; then A[x] is coherent.
Proof.
Let B denote A [x] ; we recall that B is coherent if and only if E=\~[ B, a direct product of an arbitrary family of copies of B, is B-ñat (cf.. [3] ). If A is a valuation domain the result is an immediate consequence of [7, p. 25] . The noetherian case being trivial we shall assume, according to previous considerations, that A is an umbrella ring.
To show the flatness of E above we shall need the following technical result [7, p. 66 ].
Proposition 1.2. Let R be a commutative ring, S a multiplicative set of nonzero divisors of R and let E be an R-module. If(i) E is S-torsion free, (ii) E/sE is R/sR-flatfor all elements in S and, (iii) the localization Es is Rsflat, then E is R-flat.
In the above proposition let R=A [x] , A an umbrella ring and let S be the multiplicative set generated by the prime elements of A. Notice that for each such element s, A/sA is a noetherian ring and that As is a valuation domain. Thus with E the aforementioned direct product, the conditions (i) and (ii) of (1.2) are trivially satisfied and we proceed to test (iii). For that we will show that TorB*(Fs, Bs/I)=0 for each finitely Let / be a finitely generated ideal ofBs; if / had a common factor, say d, we could write I=d-J and thus 0^dBs/I^Bs/I^Bsl(d)^0
yields that TorBs(Es, Bs/I)=Totbs(Es, Bs/J) as Es is torsion free. Now let us assume / generated by n elements, with G.C.D. = 1. Since As is a valuation domain (and hence semihereditary) the weak global dimension of As[x] is two [4] . As it is also coherent [7, p. 25] there is a resolution 0-^K-+Bns--I-*0 with K finitely generated and Bs-ñat (and hence 5s-projective). But according to [11] K is Bs-free of rank necessarily n-1. where the modules on the left are trivial by the lemma and the middle vertical map is an isomorphism since C is finitely presented. This allows us to conclude that d ®B (n b) ®a as^ (n b) ®a as which amounts to saying that TorBs(Es, Bs/I)=0, as desired.
Coherence of A [x]
: Global case. In this section A will be, unless otherwise specified, a domain of global dimension two. The proof that A [x] is coherent will be a consequence of (i) the local case as discussed in the preceding section, (ii) the finite generation of certain prime ideals of A, and (iii) a theorem of Raynaud [7, Theorem 3.4 .6].
The following result will initiate our discussion.
Proposition 2.1. Let A be a domain of global dimension two and let M be a prime ideal containing two noncomparable prime ideals. Then M is a finitely generated maximal ideal.
Before we embark on the proof notice that for each finitely generated ideal / of A we have an exact sequence 0^L-+A"-+I^0 with L /4-projective. As A is a domain, it is easily seen by rank consideration that L is finitely generated ; hence A is a coherent ring.
Proof. From the local structure theory of [8] it follows that M is a maximal ideal. Let P, Q be two noncomparable prime ideals contained in M and pick elements a eP\Q, b e Q\P. Let / be the ideal generated [3, p. 467] however, A/J being both perfect and coherent is artinian. In particular, MjJ is finitely generated and M will also be finitely generated.
We shall refer to prime ideals of A such as M as a special maximal ideal. For convenience, we quote the following remarkable result of Raynaud which will be the key to proving the coherence of A [x] . For simplicity we state it for the case of a domain. Proof of 2.3. Let P be a prime ideal of B and' let p=PC\A. If IP is not Ap-ñat, p must be a special maximal ideal as otherwise Ap is a valuation domain [8] . In particular it follows that V= Spec(B)\U, in the notation of Theorem 2.2, is a closed set and the primes in it are finitely generated. Thus F is a noetherian space and can be expressed as a finite union of its irreducible components
Write Pi=A r\Pi and let J=px ■ ■ • p"; J is a finitely generated ideal of A, in a component such as Bp. the ideal IB,,, is of finite presentation by hypothesis, while IBf. is A,-ñat by construction and thus of finite presentation by the second part of Theorem 2.2. Finally, notice that the change of rings is faithfully fiat and the conclusion follows.
Regular quotients of A[x]
. Let A be a domain of global dimension two and let / be a finitely generated ideal of A [x] . Using the results of [8] and that of the preceding section we study some of the regular (i.e. of finite global dimension) rings of the type C=A[x]/I. The main intent is to study the minimal prime ideals of C as its finiteness is closely related to the noetherianness of C. To make the arguments much simpler we will only consider the local case.
This analysis will depend, firstly, on the possible projective dimension of / (0, 1, and 2, yielding correspondingly three distinct cases). An initial remark to make is that since A Remark. It is likely that in all cases (even in the missing one, that of projective dimension two) one always obtains that C has only a finite number of idempotents.
